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Abstract. Ab initio molecular-dynamics simulations are carried out for liquid Na0.8Pb0.2 and
Na0.5Pb0.5 alloys to investigate the ionic structure, the electronic states and especially the existence
of the so-called ‘Zintl ion’ Pb4−4 and the chemical complex Na4Pb. In our simulation, the existence
of these chemical units is not confirmed, but rather the intermediate-range ordering of Pb ions
is seen in the liquid Na0.8Pb0.2 alloy. It is found from the calculated partial and total structure
factors that this ordering of Pb ions leads to the first sharp diffraction peak of the total structure
factor, which agrees well with the results of the neutron diffraction experiment. The composition
dependence of the electronic states is explained on the basis of the ionic configuration. A tendency
towards ionicity or charge transfer is seen in both liquid alloys, though the valence-electronic charge
distribution is not so localized around the ions.

1. Introduction

Among the variety of liquid alloys, the liquid-alkali–Pb alloys are well known as compound-
forming liquid alloys, in which structural properties, thermal properties and the electrical
resistivity show characteristic behaviours near ‘stoichiometric’ compositions [1–5]. The
primary observation is the shift of the position of the resistivity maximum from approximately
20% Pb to 50% Pb when going from Li–Pb to K–Pb [6]. The liquid Li–Pb alloy has been studied
extensively, and the existence and the stability of the so-called ‘octet compound’ (Li4Pb cluster)
were suggested [7], while the existence of the Pb4−

4 tetrahedron, a so-called ‘Zintl ion’ [8] was
assumed for the liquid K–Pb, Rb–Pb and Cs–Pb alloys. The liquid Na–Pb alloy studied in this
paper has been considered to be a transition case between Li–Pb and K–Pb [9].

The crystalline compound NaPb includes tetrahedral Pb4−
4 clusters separated from each

other by the Na atoms, which is the same structure as the NaSn compound has, while the
compound Na15Pb4 which is close to the octet composition has such a structure that Pb atoms
are surrounded only by the Na atoms. For the liquid Na–Pb alloy, the anomalously large
electrical resistivity, the negative entropy of mixing and the first sharp diffraction peak (FSDP)
of the structure factor were observed at the composition of Na0.8Pb0.2 [10,11]. To explain these
experimental results, a variety of models assuming the existence of a chemical complex in the
liquid have been proposed. The structure factor of the liquid Na–Pb alloy was calculated using
the formula for a three-component hard-sphere system [12], on the basis of the assumption
that the liquid Na–Pb alloy is a mixture of Na, Pb and Na4Pb [13, 14], as was assumed for
the liquid Li–Pb alloy [7]. On the other hand, assuming the existence of Pb4−

4 tetrahedra in
the liquid Na–Pb alloy as was done for liquid K–Pb, Rb–Pb and Cs–Pb systems, a classical
molecular-dynamics simulation was carried out [8], in which the Pb atoms are arranged in
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regular tetrahedra, while the Na atoms were assumed to be monovalent, positively charged
ions. These calculated structure factors appeared to agree fairly well with the observed ones,
though the existence of the chemical complex Na4Pb or the Pb4−4 tetrahedron has not been
directly confirmed yet.

An ab initio molecular-dynamics (MD) simulation is a very effective and successful tool
for describing liquid alloys in which the correlation between the ionic configuration and the
electronic states plays an important role [15]. Recently,ab initio MD simulation has been
applied to several liquid alloys [16–18], and contributed to a better understanding of those
liquid alloys. Theab initio MD simulation of the liquid Cs0.5Pb0.5 alloy was carried out by
de Wijs et al [17] and it was shown that the remnants of the Pb4−

4 tetrahedra which exist in
the solid state were found, though most of them were destroyed, and more complex structures
were present. Quite recently, Seifertet al [18] appliedab initio MD simulation to the liquid
Na–Sn alloys for five compositions. They showed that the Zintl ions Sn4−

4 could not be found
and that Sn ions form a dynamic network structure in the liquid Na0.5Sn0.5 alloy. For the liquid
Na0.8Sn0.2 alloy, only isolated Sn atoms or dimers exist, in contrast to the suggestion of the
existence of the ‘octet compound’ Na4Sn as in the case of liquid Na0.8Pb0.2 alloy.

In this paper we applyab initio MD simulation to liquid Na0.8Pb0.2 and Na0.5Pb0.5 alloys.
The purposes of this paper are (1) to investigate the composition dependence of the chemical
short-range order and the electronic states, (2) to provide a microscopic interpretation for the
observed characteristic features and (3) to clarify the origin of the first sharp diffraction peak.

In section 2 we briefly summarize the method of ourab initioMD simulation. In section 3,
the results of our calculation are given and discussed in comparison with experiment. Finally,
the conclusions are given in section 4.

2. Method

To study the structure and the electronic states of liquid Na–Pb alloys, we carry out an
ab initio MD simulation, which is based on the density functional theory in the local-density
approximation, the pseudopotential theory and the adiabatic approximation. We minimize
the Kohn–Sham energy functional for a given ionic configuration by the conjugate-gradient
method [19, 20] and calculate the electron density and the forces acting on ions based on
the Hellmann–Feynman theorem. We use the norm-conserving pseudopotential proposed by
Troullier and Martins [21] for both Na and Pb atoms. The Pb pseudopotential is generated
from the scalar-relativistic atomic calculation [22]. The non-local part is calculated using the
Kleinman–Bylander separable form [23]. The exchange–correlation energy is calculated in
the local-density approximation [24,25]. The partial-core correction [26] is taken into account
in order to guarantee the transferability of the pseudopotentials employed. The fractional
occupancies of energy levels are introduced in order to ensure the convergence of the electronic
states of metals. The wavefunction, sampled at only the0 point of the Brillouin zone, is
expanded in plane waves and their cut-off energy is 10 Ryd, which is determined so as to
converge the total energy to within 1 mRyd/electron.

In our calculations, we use a cubic supercell and the periodic boundary condition is
imposed. The total number of atoms in the supercell is taken to be one hundred and the
volume of the supercell is determined using the observed densities of the liquid alloys. The
side of the cubic cell is about 15 Å. As an initial configuration, Na and Pb atoms are randomly
arranged on the simple cubic lattice.

A constant-temperature MD simulation is carried out using the Nosé–Hoover thermostat
technique [27, 28]. The classical equations of motion are solved using the velocity Verlet
algorithm. Our simulation is carried out for 3.6 ps with the time step of 2.4 fs and at the
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temperature of 700 K, which is above the liquidus temperatures 659 K for Na0.8Pb0.2 and
645 K for Na0.5Pb0.5.

3. Results and discussion

3.1. Structural properties

3.1.1. The ionic configuration. In figures 1(a) and 1(b) we show snapshots of ionic con-
figurations obtained by ourab initio MD simulation for the liquid Na0.8Pb0.2 and Na0.5Pb0.5

alloys, respectively. For the liquid Na0.8Pb0.2 alloy, it is seen from figure 1(a) that the Pb ions

(a)

(b)

Figure 1. Snapshots of ionic configurations for the liquid (a) Na0.8Pb0.2 and (b) Na0.5Pb0.5 alloys.
Pb and Na ions are shown as black and white balls, respectively. The Pb–Pb bonds are drawn for
Pb-ion pairs within the cut-off distance of 4.0 Å.
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displayed as black balls form small clusters, while some Pb ions exist as isolated ions. The
bonds between Pb ions are drawn for Pb-ion pairs with separations less than 4 Å, which is
the radius of the first coordination shell ofgPbPb(r) as will be shown in figure 3—see below.
During the simulation, the tetrahedral Zintl ion Pb4−

4 did not survive as a stable cluster, i.e. the
Pb tetrahedra broke down for a short time and turned into dimers or trimers. For the liquid
Na0.5Pb0.5 alloy, a network of Pb ions is formed as is seen from figure 1(b) and no Zintl ion
was observed as anisolatedcluster as is seen for the crystalline NaPb compound within our
simulation. It is interesting to note that the characteristic features of the ionic configurations
obtained for the liquid Na0.8Pb0.2 and Na0.5Pb0.5 alloys are very similar to those obtained for
the liquid Na–Sn alloys [18], except for the occurrence of the stable dimers Sn2 in the liquid
Na0.8Sn0.2 alloys.

We show the trajectory-averaged Pb–Pb–Pb and Na–Pb–Na bond-angle distributions in
figure 2. As is seen in the Pb–Pb–Pb bond-angle distribution, there is only a low small peak
at 60◦ for the liquid Na0.8Pb0.2 alloy, which is consistent with the absence of the Pb4−

4 , and
there is a high peak at 60◦ for the liquid Na0.5Pb0.5 alloy, which corresponds to the fact that
there exist many fragments of Pb4−

4 in the network structure as is seen in figure 1(b). From
the Na–Pb–Na bond-angle distribution, we cannot find any indication for the existence of the
compound Na4Pb, since there is no peak at 109◦.

In figure 3 we show the partial radial distribution functionsgNaNa(r), gNaPb(r) andgPbPb(r)

calculated for the liquid Na0.8Pb0.2 and Na0.5Pb0.5 alloys. The average coordination numbers,
i.e. the average numbers of ions of thej th species around an ion of theith species, are estimated

Figure 2. The bond-angle distributions for the liquid
Na0.8Pb0.2 (full curve) and Na0.5Pb0.5 (broken curve)
alloys.

Figure 3. The partial radial distribution functions for
the liquid Na0.8Pb0.2 (full curve) and Na0.5Pb0.5 (broken
curve) alloys.
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Table 1. The average coordination numbers.

Na0.8Pb0.2 Na0.5Pb0.5

Na atoms around an Pb atom 5.0 3.6
Pb atoms around an Pb atom 1.2 4.5
Na atoms around a Na atom 5.2 3.7

from the formula

2ρj

∫ rij

0
4πr2gij (r) dr

whereρj is the number density of atoms of thej th species andrij the first-peak position of
thegij (r). The average coordination numbers thus estimated are shown in table 1. It should
be noted for the liquid Na0.8Pb0.2 alloy that the first minimum and the second peak of the
gPbPb(r) are relatively deeper and higher, respectively, as compared with typical partial radial
distribution functions for ordinary liquid binary alloys.gPbPb(r) for the liquid Na0.5Pb0.5 alloy
has a standard form.

Figure 4. The contributions togPbPb(r) (broken curve) for the liquid Na0.8Pb0.2 alloy from the
intra-cluster correlation of Pb ions (solid curve) and from the inter-cluster correlation of Pb ions
(dotted curve).gPbNa(r) is also shown by a dashed–double-dotted curve.

To explain the characteristic features ofgPbPb(r) for the liquid Na0.8Pb0.2 alloy shown in
figure 3, we show in figure 4 the two contributions togPbPb(r) from the correlation of Pb ions
within the cluster (intra-cluster) and from that between the clusters (inter-cluster). Here, we
define a cluster as the unit of Pb atoms which are connected with bonds as shown in figure 1.
gNaPb(r) is also shown in figure 4. It can be seen from figure 4 that the first peak ofgPbPb(r)

is dominated by the intra-cluster correlation of Pb ions, while the high second peak at around
r = 6 Å comes from the inter-cluster correlation of Pb ions. The average coordination number
of Pb ions around a Pb ion is about one, which means that there are not so many Pb clusters and
the clusters are very small ones, as is seen from figure 1(a). It is also seen fromgNaPb(r) shown
in figure 4 that a considerable number of Na ions are located in the region of the first minimum
of gPbPb(r), which is consistent with the fact that there are small Pb clusters separated by the
Na ions, as shown in figure 1(a). Such an intermediate-range ordering of Pb ions reflects on
the characteristic features ofgPbPb(r) for the liquid Na0.8Pb0.2 alloy.

3.1.2. The structure factor.To discuss the short- or intermediate-range ordering of Na and Pb
ions, it is useful to investigate the concentration–concentration structure factorSCC(k), which
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is defined by

SCC(k) = cNacPb[cPbSNaNa(k) + cNaSPbPb(k)− 2(cNacPb)
1/2SNaPb(k)] (1)

whereci is the concentration of theith species andSNaNa(k), SPbPb(k) andSNaPb(k) are partial
structure factors in the Ashcroft–Langreth (AL) form. We have calculated the AL partial
structure factorsSij (k) defined by

Sij (k) = 1

(NiNj)1/2

〈
Ni∑
µ=1

Nj∑
ν=1

eik·(rµ−rν )
〉

(2)

using the positions of ions{rµ} obtained by ourab initio MD simulation. HereNi is the
number of ions of theith species and the brackets〈· · ·〉mean the time average.

Figure 5 shows the AL partial structure factors calculated for the liquid Na0.8Pb0.2 and
Na0.5Pb0.5 alloys. There is a prepeak on the low-k side of the main peak ofSPbPb(k) for the
liquid Na0.8Pb0.2 alloy. The position of the prepeak is atk ' 1.2 Å−1 , which corresponds,
using the rule of thumbkr = 7.7 [9], to the distancer ' 6.0 Å. This distance coincides with
the position of the second peak ofgPbPb(r), which means that the intermediate-range ordering
of Pb ions gives rise to the prepeak of theSPbPb(k). On the other hand, for the liquid Na0.5Pb0.5

alloy, such an intermediate-range correlation of Pb ions is not clearly seen inSPbPb(k) as well
as ingPbPb(r).

Figure 5. The Ashcroft–Langreth partial structure
factors for the liquid Na0.8Pb0.2 (full curve) and
Na0.5Pb0.5 (broken curve) alloys.

Figure 6. The concentration–concentration structure
factors for the liquid Na0.8Pb0.2 (full curve) and
Na0.5Pb0.5 (broken curve) alloys.
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TheSCC(k) for the liquid Na0.8Pb0.2 and Na0.5Pb0.5 alloys are shown in figure 6. There
is a peak atk ' 1.2 Å−1, which is due to the prepeak ofSPbPb(k) for the liquid Na0.8Pb0.2

alloy shown in figure 5. The concentration–concentration correlation indicated by this peak is
closely associated with the characteristic feature of the ionic configuration; the Pb clusters are
separated by the Na ions as was mentioned before.

The total structure factor observed by means of the neutron diffraction is expressed as a
linear combination of the AL partial structure factorsSij (k):

S(k) = cNab
2
NaSNaNa(k) + 2

√
cNacPbbNabPbSNaPb(k) + cPbb

2
PbSPbPb(k)

cNab
2
Na + cPbb

2
Pb

(3)

wherebi is the neutron scattering length of theith species;bNa = 0.363× 10−12 cm and
bPb = 0.940× 10−12 cm. TheS(k) thus obtained for the liquid Na0.8Pb0.2 and Na0.5Pb0.5

alloys are compared with the experimental results obtained by the neutron diffraction [11] in
figure 7. Our results are in very good agreement with the observedS(k) and the composition
dependence of the FSDP of theS(k) is especially well reproduced, i.e. the height of the FSDP
is highest for the liquid Na0.8Pb0.2 alloy. It is obvious from equation (3) and from the partial
structure factorsSij (k) shown in figure 5 that the most dominant contribution to the FSDP is
due to the prepeak of the partial structure factorSPbPb(k). As was mentioned previously, this
prepeak comes from the intermediate-range ordering of the Pb ions; therefore we can conclude
that the FSDP is a result of such an ordering of the Pb ions. The height of the observed FSDP
becomes lower for the liquid Na0.5Pb0.5 alloy, which is consistent with our result that the
intermediate-range correlation of Pb ions is not clearly seen for the liquid Na0.5Pb0.5 alloy.

The broad peak at aroundk = 4.0 Å−1 of S(k) for the liquid Na0.8Pb0.2 alloy shown
in figure 7 comes from the difference in the second-peak positions ofSNaNa(k) andSPbPb(k)

shown in figure 5. This peak, on the other hand, becomes the ordinary one for the liquid
Na0.5Pb0.5 alloy, since the contribution ofSNaNa(k) to S(k) decreases with decreasing Na
concentration and only the second peak ofSPbPb(k) is emphasized inS(k) for the liquid

Figure 7. The total structure factors for the liquid Na0.8Pb0.2 and Na0.5Pb0.5 alloys compared with
the results of the neutron scattering experiment [11].
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Na0.5Pb0.5 alloy; the ratios of the coefficients forSNaNa(k) andSPbPb(k) in equation (3) are
as follows:cNab

2
Na/cPbb

2
Pb = 0.60 for Na0.8Pb0.2 and 0.15 for Na0.5Pb0.5 alloy, and therefore

the contribution ofSNaNa(k) to S(k) is relatively small in the latter.

3.2. Electronic properties

3.2.1. The electronic density of states.We show in figures 8 and 9 the total and the partial
electronic densities of states (DOS), respectively, which are obtained by sampling tenk-points
of the Brillouin zone and by averaging over some ionic configurations. Thelth component of
the partial DOS of theith species is calculated by projecting the wavefunctions on the spherical
harmonics within a sphere of radiusRc centred at eachµth atom of theith species, the position
of which isrµ as follows:

Dl
i(ε) =

Ni∑
µ=1

∑
α

l∑
m=−l

∫ Rc

0
|r − rµ|2 d|r − rµ|

∣∣∣∣ ∫ Y ∗lm(�µ)ψα(r) d�µ

∣∣∣∣∣
2

δ(ε − εα)
/
Ni

(4)

whereNi is the number of ions of theith species,ψα is the wavefunction of theαth state which
has the eigenvalueεα and theYlm(�µ) are spherical harmonics with an angular momentum
l, which is centred at theµth ion. Rc is chosen to be about the half of the average nearest-

Figure 8. The total densities of states for the liquid
Na0.8Pb0.2 and Na0.5Pb0.5 alloys.

Figure 9. The partial densities of states for the liquid
Na0.8Pb0.2 and Na0.5Pb0.5 alloys. The decompositions
of the partial DOSs into s (broken curve) and p (dotted
curve) components are shown for Na in the upper two
panels and for Pb in the lower two panels.
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neighbour distance, on which the partial DOS does not depend significantly. The origin of the
energy is taken to be the Fermi level.

The electronic states at around−8 eV come from the Pb 6s states and those above−3 eV
come from the hybridization of the Pb 6p and the Na 3s states. As is seen from figure 8, the
bands become broader as the concentration of Pb atoms increases. The partial DOS of Pb
decreases rapidly around the Fermi level for the liquid Na0.8Pb0.2 alloy, though the total DOS
around the Fermi level does not depend so much on the composition.

The electronic states are closely related to the ionic configuration. As is seen from figure 1,
there are small clusters of Pb ions as well as isolated Pb ions in the liquid Na0.8Pb0.2 alloy,
though there exists a large network of Pb ions in the liquid Na0.5Pb0.5 alloy. Therefore the
overlap of the wavefunctions of Pb is smaller in the former than in the latter and, as a result,
gives rise to narrower energy bands in the former. This tendency is more evident for the lower
band because it mainly comes from the Pb 6s states. In the upper band dominated by the
hybridization of the Pb 6p and the Na 3s states, the centre of mass of the energy band shifts to
the lower energy as the Pb concentration increases, since the energy level of the Pb 6p state is
lower than that of the Na 3s state.

The DOSs obtained by ourab initioMD simulation for the liquid Na0.8Pb0.2 and Na0.5Pb0.5

alloys are similar to those for the crystalline compounds Na15Pb4 and NaPb, respectively, which
were calculated by Tegze and Hafner [29] using the linear muffin-tin orbital method. They
showed that the electronic structure is dominated by the strong attractive Pb potential at all
compositions and that the bandwidth becomes broader as the volume per Pb atom decreases.
The observed excess volume per atom is negative with a strongest relative deviation at the
composition close to that of the liquid Na0.5Pb0.5 alloy, in which the volume per Pb atom can
be estimated to be smaller than that of the liquid Na0.8Pb0.2 alloy. The characteristic feature
seen for the crystalline-alkali–Pb compound is found also for the liquid alloys.

3.2.2. Charge transfer. Because of the large difference in electronegativity between Na
and Pb atoms (the electronegativity on Pauling’s scale is 0.93 for Na atoms and 2.33 for Pb
atoms), their mixture has been expected to have an ionic character, i.e. to show some amounts of
electronic charge transfer from the Na atom to the Pb atom. Experimentally, physical properties
show anomalous behaviour at the ‘stoichiometric’ composition of Na0.8Pb0.2, which has been
considered to be the most favourable composition for the ionicity from the point of view of
complete electron transfer and construction of the closed shell of the Pb atom. The classical
MD simulation for this liquid alloy [8], as was mentioned in the introduction, was carried out
using the ionic model, assuming that one electron is transferred from a Na atom to Pb atoms.

From our study we found that the liquid Na0.8Pb0.2 alloy is not as ionic as was expected;
e.g. the charge transfer from Na to Pb atoms is not so large as is seen from the occupied partial
DOS of the Na atom shown in figure 9. The electron-density distribution obtained by the
present calculations indicates that considerable numbers of valence electrons remain around
Na ions. However, these do not indicate the absence of ionicity. We investigate the ionicity
of the liquid as follows: figures 10(a) and 10(b) show the ‘difference’ of the electron-density
distributionρ(r) for the ionic configuration shown from the sum of the atomic electron-density
distributionsρatom(r) for liquid Na0.8Pb0.2 and Na0.5Pb0.5 alloys, respectively, calculated from

1ρ(r) = ρ(r)−
∑
µ

ρatom(|r − rµ|) (5)

where therµ is the position of theµth atom of the corresponding ionic configuration shown
in figures 10(a) and 10(b). The blue region has1ρ(r) < 0 and the red one has1ρ(r) > 0.
When the ions are on the plane where the electron-density distribution is calculated, the core
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(a)

Figure 10. The electron-density distributions for the ionic configurations of the liquid (a) Na0.8Pb0.2
and (b) Na0.5Pb0.5 alloys. The Na and Pb ions are shown as blue and red balls, respectively.

regions are shown by black holes, since1ρ(r) < 0 and|1ρ(r)| � ρ0 in those regions,ρ0

being the average electron density.
It is seen that the regions around Na ions are dominated by blue regions, while those

around Pb ions are dominated by red regions. This means that the charge transfer occurs from
Na atoms to Pb atoms. It is seen from figures 10(a) and 10(b) that the charge transfer occurs
in both liquid Na0.8Pb0.2 and Na0.5Pb0.5 alloys. The quantitative estimation of the electronic
charge transfer, however, cannot be well defined, since the electronic charge is not so localized
around the ions and rather spreads spatially. It may be said at least that the Na atoms ‘partially’
transfer their valence electrons to the Pb atoms.

This ionicity leads to some kind of charge ordering. The prepeak inSCC(k) in figure 6
indicates that the positively charged Na cations are located between the negatively charged Pb
clusters, though this ordering is, of course, different from that of a typical ionic liquid such as
molten salt, Na+Cl−.

4. Conclusions

We have carried out anab initio molecular-dynamics simulation for the liquid Na0.8Pb0.2 and
Na0.5Pb0.5 alloys to investigate the ionic structure, the electronic states and especially the
existence of the Zintl ion Pb4−4 or the compound Na4Pb. It is shown that these chemical units
are not clearly seen as isolated chemical units, but rather the intermediate-range ordering of
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(b)

Figure 10. (Continued)

Pb ions is seen in the liquid Na0.8Pb0.2 alloy. It is found from the detailed analysis of the
partial structure factors that this ordering of Pb ions comes from the correlation between the
small clusters. Our calculations can quantitatively reproduce the total structure factorsS(k)

observed by the neutron diffraction experiment and especially the composition dependence of
the FSDP ofS(k). We found that the intermediate-range ordering of Pb ions leads to the FSDP
of the total structure factor. The composition dependence of the electronic states is explained
on the basis of the ionic configuration. The tendency towards becoming an ionic liquid is
seen in both liquid alloys, though the valence-electronic charge distribution is not so localized
around the ions.
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[18] Seifert G, Kaschner R, Schöne M and Pastore G 1998J. Phys.: Condens. Matter101175
[19] Kresse G and Hafner J 1994Phys. Rev.B 4914 251
[20] Shimojo F, Zempo Y, Hoshino K and Watabe M 1995Phys. Rev.B 529320
[21] Troullier N and Martins J L 1991Phys. Rev.B 431993
[22] Wood J H and Boring A M 1978Phys. Rev.B 182701
[23] Kleinman L and Bylander D M 1982Phys. Rev. Lett.481425
[24] Ceperley D M and Alder B J 1980Phys. Rev. Lett.45566
[25] Perdew J P and Zunger A 1981Phys. Rev.B 235048
[26] Louie S G, Froyen S and Cohen M L 1982Phys. Rev.B 261738
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